We prove the functoriality for proper push-forward of the characteristic cycles of constructible complexes by morphisms of smooth projective schemes over a perfect field, under the assumption that the direct image of the singular support has the dimension at most that of the target of the morphism. The functoriality is deduced from a conductor formula which is a special case for morphisms to curves. The conductor formula in the constant coefficient case gives the geometric case of a formula conjectured by Bloch.
Let k be a perfect field and Λ be a finite field of characteristic invertible in k. For a constructible complex F of Λ-modules on a smooth scheme X over k, the characteristic cycle CCF is defined in [16, Definition 5 .10] as a cycle supported on the singular support SSF defined by Beilinson in [2] as a closed conical subset of the cotangent bundle T * X. We study the functoriality of characteristic cycles for proper push-forward.
Let f : X → Y be a morphism of smooth projective schemes over k. Then, we prove in Theorem 2.2.5 the equality (2.11) CCRf * F = f ! CCF conjectured in [17, Conjecture 1] under the assumption dim f • SSF ≦ dim Y for the direct image f • SSF ⊂ T * Y . The precise definitions will be given in Subsection 2.1. We can slightly weaken the assumption, as is seen in Theorem 2.2.5. The formula (2.11) is an algebraic analogue of [12, Proposition 9.4.2] where functorial properties of characteristic cycles are studied in a transcendental context. In the case where Y = Spec k, the equality (2.11) is the index formula (2.12) χ(Xk, F ) = (CCF , T * X X) T * X computing the Euler-Poincaré characteristic as an intersection number proved in [16, Theorem 7.13]. We deduce the functoriality (2.11) from the index formula (2.12) in Subsection 2.2 as follows. By taking a projective embedding of Y and a good pencil, we reduce it to the case where Y is a projective smooth curve. By the index formula (2.12) applied to a general fiber, the equality (2.11) is equivalent to a conductor formula (2.17) −a y Rf * F = (CCF , df ) T * X,Xy proved in Theorem 2.2.3, where the left hand side denotes the Artin conductor at a closed point y ∈ Y of the direct image. In the case where F is the constant sheaf Λ, the right hand side equals the localized self-intersection product defined in [4] and the formula (2.17) specializes to the geometric case, Corollary 2.2.4, of the conductor formula conjectured in [4] by Bloch. Further the index formula implies that we have an equality (2.18) for the sums over y ∈ Y of the both sides in (2.17) . To deduce (2.17) from (2.18) for the sums, it suffices to show the existence of a covering of Yétale at a fixed point y killing the contributions of the other points.
For the vanishing of the left hand side, the local acyclicity of f : X → Y relative to F is a sufficient condition. The SSF -transversality of f : X → Y defined in Definition 1.3.3 and studied in Subsection 1.3 after some preliminaries in Subsection 1.2 is a stronger condition and is a sufficient condition for the vanishing of the right hand side. Thus, the proof of (2.17) is reduced to showing variants of the stable reduction theorem on the existence of ramified covering of Y such that the base change of f : X → Y is locally acyclic relatively to a modification F ′ of the pull-back and is SSF ′ -transversal. We show that f : X → Y is locally acyclic relatively to a modification of a perverse sheaf F if the inertia action on the nearby cycles complex RΨF is trivial in Proposition 1.1.2.2. This is rather a direct consequence of the relation of the direct image by the open immersion of the generic fiber with the nearby cycles complex. As we work with torsion coefficients, the condition is satisfied over a ramified covering of Y .
Further, we show that the local acyclicity of f : X → Y relatively to F implies the existence of a ramified covering such that the base change of f : X → Y is SSF ′ -transversal for the pull-back F ′ of F in Corollary 1.5.4 of Theorem 1.5.2. Theorem 1.5.2 is deduced from a weaker version Proposition 1.4.4 which is proved by using the alteration [5, Theorem 8.2] . In Proposition 1.4.4, the ramified covering may inseparable, while it is genericallý etale in Theorem 1.5.2. Theorem 1.5.2 is proved by an argument similar to that in the proof of [6, Proposition 3.2] by using a consequence of the stable reduction theorem [18, Theorem 1.5] .
We also prove an index formula Proposition 2.3.3 for vanishing cycles complex. The author thanks A. Beilinson for the remark that Theorem 2.2.3 implies the geometric case of the conductor formula conjectured by Bloch in [4] and for showing the proof of Lemma 2.2.6 in the characteristic zero case. The author thanks H. Haoyu for discussion on the subject of Subsection 2.3 and thanks H. Kato for pointing out an error in the proof of Proposition 2.3.3 in an earlier version.
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Nearby cycles and local acyclicity
We fix some conventions on perverse sheaves. Let X be a noetherian scheme and let Λ be a finite field of characteristic ℓ invertible on X. We say that a complex F of Λ-modules on theétale site of X is constructible if the cohomology sheaf H q F is constructible for every integer q and H q F = 0 except for finitely many q. Let D b c (X, Λ) denote the category of constructible complexes of Λ-modules.
First we recall the case where X is a scheme of finite type over a field k. Let Λ be a finite field of characteristic ℓ invertible in k. Then, the t-structure ( . Next, we consider the case where X is a scheme of finite type over the spectrum S of a discrete valuation ring as in [11, 4.6] . Let s and η denote the closed point and the generic point of S respectively and let i : X s → X and j : X η → X be the closed immersion and the open immersion of the fibers. Let Λ be a finite field of characteristic ℓ invertible on S. Then, we consider the t-structure on D . To distinguish them, we call the former the t-structure on X η over η and the latter the t-structure on X η over S. We use the same terminology for perverse sheaves on X η .
The functors j ! , Rj * :
c (X, Λ) are t-exact with respect to the t-structure on X η over S. This follows from [1, Théorème 3.1] by the argument in [11, 4.6 (a) ]. Let F ∈ Perv(X η , Λ) be a perverse sheaf on X η over S. Then the intermediate extension j ! * F ∈ Perv(X, Λ) is defined as the image j ! * F = Im(j ! F → Rj * F ).
We have p H q i * Rj * F = 0 for q = 0, −1 and the morphism j ! * F → Rj * F induces an isomorphism
This is deduced similarly as [3, (4.1.12.1)] from a consequence [3, (4.1.11.1)] of the texactness of the functors j ! and Rj * . Assume that S is strictly local. Letη be a geometric point above η and letj : Xη → X η denote the canonical morphisms. Then, the nearby cycles functor
is t-exact with respect to the t-structure on X η over η [11, Corollaire 4.5].
Lemma 1.1.1. Let S = Spec O K be the spectrum of a strictly local discrete valuation ring and let s and η denote the closed and the generic point of S respectively. Let X be a scheme of finite type over S, and let i : X s → X and j : X η → X denote the immersions. Let F be a perverse sheaf of Λ-modules on X η over η. Then the morphism i * Rj * F → RΨF induces an isomorphism
to the inertia fixed part as a perverse sheaf on X s .
Proof. Let P ⊂ I denote the wild inertia subgroup. Then, since the functor taking the Pinvariant parts is an exact functor, we have an isomorphism i * Rj * F → RΓ(I/P, (RΨF ) P ). Since the profinite group I/P is cyclic, the assertion follows.
We study the local acyclicity of a morphism to the spectrum of a discrete valuation ring with respect to a perverse sheaf. Proposition 1.1.2. Let S = Spec O K be the spectrum of a discrete valuation ring and let s and η denote the closed and the generic point of S respectively. Let X be a scheme of finite type over S, and let i : X s → X and j : X η → X denote the immersions.
1. Let G be a perverse sheaf of Λ-modules on X. If X → S is locally acyclic relatively to G, then G has no non-zero subquotient supported on the closed fiber and is isomorphic to j ! * j * G. 2. For a perverse sheaf F of Λ-modules on X η over S, the following conditions are equivalent:
(1) The morphism X → S is locally acyclic relatively to j ! * F .
(2) Lets be a geometric point above the closed point s ∈ S and letī : Xs → X denote the canonical morphism. Then, the canonical morphism
The inertia group I of K acts trivially on the nearby cycles complex RΨF . (4) The formation of j ! * F commutes with the pull-back by faithfully flat morphisms S ′ → S of the spectra of discrete valuation rings.
Proof. 1. The local acyclicity is equivalent to the vanishing RΦG = 0. Since the shifted vanishing cycles functor
, it is reduced to the case where G is a simple perverse sheaf. If G is supported on the closed fiber, we have RΦG[−1] = G and the assertion follows.
2.
(1)⇔(2): The condition (2) is equivalent to that for every geometric point x of X s , the canonical morphism
(2)⇔(3): By (1.1) and (1.2), the morphism (1.3) induces an isomorphismī * j ! * F → (RΨF ) I . (2)⇒(4): Since the formation of nearby cycles complex RΨF commutes with base change [6, Proposition 3.7] , the isomorphism (1.3) implies the condition (4).
(4)⇒(2): There exists a finite extension K ′ of K such that the inertia action I ′ ⊂ I on RΨF is trivial, since Λ is a finite field. Let j ′ :
Xs → X S ′ denote the canonical morphism and let F ′ denote the pull-back of F on X K ′ . We factorize the morphism (1.3)
as the composition ofī
By (3)⇒(2) already proven, the second arrow is an isomorphism. The condition (4) implies that the first arrow is an isomorphism. Hence the composition (1.3) is an isomorphism.
Finally, we consider the case where X is a scheme of finite type over a regular noetherian connected scheme S of dimension 1. Let Λ be a finite field of characteristic ℓ invertible on S. Then the t-structure (
is defined as the intersection of the inverse images of the t-structures (
for the base changes by the localizations S s → S at closed points s ∈ S. If Y = S is a smooth curve over a field k and if f : X → Y is a morphism of schemes of finite type over k, the t-structure on D b c (X, Λ) defined above is the same as that defined by considering X as a scheme of finite type over k. Corollary 1.1.3. Let S be a regular noetherian scheme of dimension 1. Let X be a scheme of finite type over S and F be a perverse sheaf of Λ-modules on X. Let V ⊂ S be a dense open subscheme such that the base change X V → V is universally locally acyclic relatively to the restriction F V of F .
Then, there exists a finite faithfully flat and genericallyétale morphism S ′ → S of regular schemes such that the base change X ′ → S ′ is locally acyclic relatively to j
Proof. By Proposition 1.1.2.2 (1)⇒(4) and weak approximation, it suffices to consider locally on a neighborhood of each point of the complement S V . Since the coefficient field Λ is finite, the assertion follows from Proposition 1.1.2.2 (3)⇒(1).
C-transversality
We introduce some terminology on proper intersection. Lemma 1.2.1. Let f : C → X and h : W → X be morphisms of schemes of finite type over a field k. Assume that C is irreducible of dimension n and that h is locally of complete intersection of relative virtual dimension d. Then every irreducible component of
Proof. Since the assertion is local on W , we may decompose h = gi as the composition of a smooth morphism g with a regular immersion of codimension c. Since the assertion is clear for g, we may assume that h = i is a regular immersion. Then, it follows from [8, Proposition (5.1.7)]. Definition 1.2.2. Let f : C → X and h : W → X be morphisms of schemes of finite type over a field k. Assume that every irreducible component of C is of dimension n and that h is locally of complete intersection of relative virtual dimension d. We say that h :
By Lemma 1.2.1, the condition that h * C = C × X W is of dimension n + d is equivalent to the condition that every irreducible component of h
Let f : C → X be a morphism of schemes of finite type over a field k. Assume that X is equidimensional of dimension m and that C is equidimensional of dimension n ≧ m. We consider the following conditions:
(1) Every morphism h : W → X locally of complete intersection meets C properly.
(2) For every closed point x of X, the fiber C × X x is of the dimension n − m. 1. We have (2)⇒(1). Assume that the condition (2) is satisfied and let h : W → X be a morphism locally of complete intersection of relative virtual dimension d of schemes of finite type over k. Then C × X W is equidimensional of dimension n + d and the morphism C × X W → W satisfies the condition (2) and hence (1).
2. If X is regular, we have (1)⇒(2). 3. Assume that X = P is a projective space and let c be an integer. Then, the linear subspaces V ⊂ P of codimension c such that the immersion V → P meets C properly form a dense open subset of the Grassmannian variety G.
Proof. 1. Assume that the condition (2) is satisfied and let h : W → X be a morphism locally of complete intersection of relative dimension d. Then, we have dim
2. If X is regular and x is a closed point, the closed immersion i : x → X is a regular immersion of codimension m and hence the condition (1) implies that dim C × X x = n−m.
3. Let V ⊂ P × G be the universal family of linear subspaces of codimension c and we consider the cartesian diagram
Then, since the projection V → P is smooth of relative dimension dim G − c, we have dim
Recall that a closed subset C of a vector bundle E on a scheme X is said to be conical if it is stable under the action of the multiplicative group. For a closed conical subset C ⊂ E, the intersection B = C ∩ X with the 0-section identified with a closed subset of X is called the base of C. We say that a morphism f : X → Y of noetherian schemes is finite (resp. proper) on a closed subset Z ⊂ X if its restriction Z → Y is finite (resp. proper) with respect to a closed subscheme structure of Z ⊂ X. Definition 1.2.4. Let f : X → Y be a morphism of smooth schemes over a field k and let C ⊂ T * X be a closed conical subset.
Assume that every irreducible component of X is of dimension n and that every irreducible component of C is of dimension n. Assume that every irreducible component of Y is of dimension m ≦ n. We say that f : X → Y is properly C-transversal if f : X → Y is C-transversal and if for every closed point y of Y , the fiber C × Y y is of dimension n − m. Definition 1.2.5. Let h : W → X be a morphism of smooth schemes over a field k and let C ⊂ T * X be a closed conical subset. Let K ⊂ W × X T * X be the inverse image of the
Assume that every irreducible component of X is of dimension n and that every irreducible component of C is of dimension n. Assume that every irreducible component of W is of dimension m. We say that h : W → X is properly C-transversal if h : W → X is C-transversal and if h : W → X meets C → X properly.
Lemma 1.2.6. Let f : X → Y be a smooth morphism of smooth schemes over a field k and let C ⊂ T * X be a closed conical subset. Let
be a cartesian diagram of smooth schemes over k.
Proof. 1. The assertion for the transversality is proved in [16, Lemma 3.9.2] . The proper transversality of h : W → X follows from the transversality and Lemma 1.2.3 applied to
We consider the commutative diagram
with cartesian squares indicated by . The upper vertical arrows are injections. Since dh induces an isomorphism W × X T * X/Y → T * W/Z for the relative cotangent bundles and f : X → Y is smooth, the upper right square is also cartesian.
Let K and K ′ be the inverse image of the 0-sections by dh :
Since the upper right square is cartesian, K is identified with the inverse image of the 0-section by g
) is a subset of the 0-section is equivalent to the condition that
is a subset of the 0-section. If these conditions are satisfied, the equality i
Lemma 1.2.7. Let P be a projective space of dimension n and let C ⊂ T * P be a closed conical subset.
1. Let P ∨ be the dual projective space, let Q ⊂ P × P ∨ be the universal family of hyperplanes and let
• C be the Legendre transform. Let V ⊂ P be a linear subspace and let V ∨ ⊂ P ∨ be the dual subspace. Then the immersion V → P is Ctransversal if and only if
Assume that every irreducible component of C is of dimension n = dim P and let 0 ≦ c ≦ n be an integer. Then, the linear subspaces V ⊂ P of codimension c such that the immersion V → P is properly C-transversal form a dense open subset of the Grassmannian variety G.
Proof. 1. The C-transversality of V → P means P(T * V P)∩P(C) = ∅ and similarly for the C ∨ -transversality of V ∨ → P ∨ . Then, the assertion follows from P(T * V P) = P(T * V ∨ P ∨ ) and P(C) = P(C ∨ ) under the identification P(T * P) = Q = P(T * P ∨ ). 2. Since the condition is an open condition on V , it suffices to show the existence. By induction on c, it is reduced to the case c = 1. By 1, the hyperplanes H such that the immersion H → P is C-transversal is parametrized by the complement of the image p ∨ (P(C)) P ∨ . Hence, the assertion follows from this and Lemma 1.2.3.3.
SSF -transversality
For the definitions and basic properties of the singular support of a constructible complex on a smooth scheme over a field, we refer to [2] and [16] . Let k be a field and let Λ be a finite field of characteristic ℓ invertible in k. Let X be a smooth scheme over k such that every irreducible component is of dimension n and let F be a constructible complex on X. The singular support SSF is defined in [2] as a closed conical subset of the cotangent bundle T * X. By [2, Theorem 1.3 (ii)], every irreducible component C a of the singular support 
− −− → Y be a commutative diagram of schemes over k such that i and i ′ are closed immersions and the schemes P and P ′ are smooth over k. Let C = SSi * F ⊂ X × P T * P ⊂ T * P and
Proof. By factorizing P → Y as the composition of the graph P → P × Y and the projection P × Y , we may assume that P → Y is smooth. Similarly, we may assume that P ′ → Y is smooth. By considering the morphism (i, i ′ ) : X → P × Y P ′ , we may assume that there exists a smooth morphism P ′ → P compatible with the immersions of X and the morphisms to Y . Since the assertion isétale local on P , we may assume that there exists a section s : P → P ′ compatible with the immersions of X and the morphisms to Y . Then, we have C ′ = s • C and the assertion follows from [16, Lemma 3.8] .
Lemma 1.3.2 allows us to make the following definition. Definition 1.3.3. Let k be a field and f : X → Y be a morphism of schemes of finite type over k. Assume that Y is smooth over k. Let F be a constructible complex of Λ-modules on X. We say that f : X → Y is SSF -transversal (resp. properly SSF -transversal) if locally on X there exist a closed immersion i : X → P to a smooth scheme P over k and a morphism g : P → Y over k such that f = g • i and that g : P → Y is C-transversal (resp. properly C-transversal) for C = SSi * F .
In Definition 1.3.3, we obtain an equivalent condition by requiring that g is smooth.
Let f : X → Y be a morphism of schemes of finite type over a field k such that Y is smooth over k and let F be a constructible complex of Λ-modules on
Let f : X → Y be a morphism of schemes of finite type over a field k. Assume that Y is smooth over k. Let F be a constructible complex of Λ-modules on X.
1. Assume that f : X → Y is smooth and that F is locally constant. Then, f : X → Y is properly SSF -transversal.
2. Assume that f : X → Y is SSF -transversal. Or more weakly, suppose that there exists a quasi-finite faithfully flat morphism Y ′ → Y of smooth schemes over k such that the base change
The following conditions are equivalent:
(2) For every integer q and for every constituant G of the perverse sheaf
Proof. 1. If F is locally constant, then the singular support SSF is a subset of the 0-section T * X X. Hence the assertion follows. Since the remaining assertions 2-4 are local on X, we may take a closed immersion i : X → P to a smooth scheme P over k such that f is the composition of i with a morphism P → Y over k. Replacing X and F by P and i * F , we may assume that X is smooth over k. Set C = SSF .
2. If f : X → Y is C-transversal, the morphism f : X → Y is universally locally acyclic relatively to F by the definition of singular support. Thus under the weaker assumption, the morphism f ′ : X ′ → Y ′ is universally locally acyclic with respect to the pull-back Assume that Y is smooth over k. Let F be a constructible complex of Λ-modules on X. Assume that f : X → Y is SSF -transversal.
1. Assume that F is a perverse sheaf. Let V ⊂ Y be a dense open subscheme and
There exists a dense open subscheme V ⊂ Y such that the base change f : X → V is properly SSF -transversal on V .
Proof. 1. By [3, Corollaire 1.4.25], it suffices to show that for every constituant of F , its restriction on X V is non-trivial. Let G be a constituant of F . By Lemma 1.3.4.3 and 2, the morphism f : X → Y is locally acyclic relatively to G. Let x be a geometric point of X such that G x = 0 and let y → f (x) be a specialization for a geometric point y of V . Then, since the canonical morphism
is an isomorphism, the restriction of G on X V is non-trivial. Thus the assertion is proved.
2. As in the proof of Lemma 1.3.4, we may assume that X is smooth over k. Set C = SSF . There exists a dense open subset V ⊂ Y such that for every irreducible component C a with the reduced scheme structure of C = a C a , the base change
Lemma 1.3.6. Let f : X → Y be a morphism of schemes of finite type over a field k. Assume that Y is smooth over k. Let F be a constructible complex of Λ-modules on X. Let Y ′ → Y be a morphism of smooth schemes over k and let
We consider the following conditions:
Assume that f : X → Y is smooth and is properly SSF -transversal. Then, we have
Proof. Since the assertions are local on X, we may take a closed immersion i : X → P to a smooth scheme P over Y . As in the proof of Lemma 1.3.4, we may assume that (2) is proved for the C-transversality. The assertion on the proper C-transversality follows from this and Lemma 1.2.6.1.
.4] and we have an inclusion SSF
Since the formation of singular support isétale local, we have (2)
2. Since h : X ′ → X is C-transversal by Lemma 1.2.6.1, the assertion follows from [16, Lemma 8.6.5].
3. Since h : X ′ → X is properly C-transversal by Lemma 1.2.6.1, the assertion for SSF ′ (resp. for CCF ′ ) follows from Lemma 1.3.1 (resp. [16, Theorem 7.6]). Lemma 1.3.6.3 is closely related to the subject studied in [9] . Lemma 1.3.7. Let f : X → Y be a morphism of schemes of finite type over a field k. Assume that Y is smooth over k. Let F be a constructible complex of Λ-modules on X.
1. Let g : Y → Z be a smooth morphism of smooth schemes over k. If f : X → Y is SSF -transversal (resp. properly SSF -transversal), then the composition gf : X → Z is SSF -transversal (resp. properly SSF -transversal).
2. Let h : W → X be a smooth morphism of schemes of finite type over
be a commutative diagram of morphisms of schemes of finite type over k. Assume that r : X → X ′ is proper on the support of F and that f :
Proof. 1. As in the proof of Lemma 1.3.4, we may assume that X is smooth over k. Set C = SSF . Since g : Y → Z is smooth, the C-transversality of f implies that of gf by [16, Lemma 3.6.3] . The assertion on the proper C-transversality follows from this and the smoothness of g.
Since the question isétale local on W , we may assume that there exists a cartesian diagram
of morphisms of schemes over k such that the vertical arrows are closed immersions and the horizontal arrow Q → P is a smooth morphism of smooth schemes over k. By replacing X and F by P and i * F , we may assume that X is smooth. Since W × X T * X → T * W is an injection and SSh * F = h • SSF by Lemma 1.3.1, the assertion follows. 3. Since the assertion is local on X ′ , we may assume that X ′ and Y are affine and hence X is quasi-projective. By taking a closed immersion i ′ : X ′ → P ′ to an affine space and by factorizing X ′ → Y as the composition of the immersion (
we may assume that X ′ is smooth. Similarly, we take an open subscheme P of a projective space and a closed immersion i : X → P . Then, by factorizing X → X ′ as the composition of the immersion (i, r) : X → P × X ′ and the projection P × X ′ → X ′ , we may also assume that X is smooth, by [ We give two methods to establish SSF -transversality. Lemma 1.3.8. Let Y → S be a smooth morphism of smooth schemes of finite type over a field k and let f : X → Y be a morphism of schemes of finite type over a field k. Let F be a constructible complex of Λ-modules on X. Assume that the composition X → S is properly SSF -transversal. 1. Assume that k is perfect. Then, the following conditions are equivalent:
2. Assume that F is a perverse sheaf on X and that f : X → Y is locally acyclic relatively to F . If there exists a closed subset Z ⊂ X quasi-finite over S such that f : X → Y is SSF -transversal (resp. properly SSF -transversal) on the complement of Z, then f : X → Y is SSF -transversal (resp. properly SSF -transversal) on X.
Proof. 1. The implication (1)⇒ (2) is a special case of Lemma 1.3.6.1. We show (2)⇒(1). Since the question is local on X, we may assume that f : X → Y is smooth. Let T * X/S and T * Y /S denote the relative cotangent bundles and let C = SSF . By the assumption that X → S is C-transversal, the canonical surjection T * X → T * X/S is finite on C by [2, Lemma 1.2 (ii)]. Hence its imageC ⊂ T * X/S is a closed conical subset and C →C is finite.
The morphism X → Y is C-transversal if and only if the inverse image ofC ⊂ T * X/S by the canonical injection X × Y T * Y /S → T * X/S is a subset of the 0-section. This is equivalent to that for every closed point s ∈ S and the closed immersion i s : X s → X, the morphism f s : X s → Y s is i By the assumption that X → S is properly SSF -transversal and by Lemma 1.3.6.3, we have SSF s = i
Hence the assertion is proved. 2. By Lemma 1.3.4.4, we may assume that k is perfect. By 1 and Lemma 1.3.6.2, we may assume that S is a point and further that S = Spec k. As in the proof of Lemma 1.3.6, we may assume that f : X → Y is smooth of relative dimension d. Let u ∈ Z. By replacing X by a neighborhood of u, we may assume [16, Lemma 3.6.3] , the point u is at most an isolated C-characteristic point of the composition g : X → Y → A 1 . Since F is a perverse sheaf, the characteristic cycle CCF is an effective cycle and its support equals C = SSF by [16, Proposition 5.14] . Let dg denote the section of 
− −− → U be a cartesian diagram of schemes of finite type over a field k. Assume that Y is smooth over k and that j is an open immersion. Let F U be a perverse sheaf of Λ-modules on U. Let F = j ! * F U and let F ′ be a perverse sheaf on W such that the restriction
If one of the following conditions (1) and (2) below is satisfied and if
The morphism h : W → X is proper, surjective and generically finite and the composition W → Y is quasi-projective. The scheme U is smooth of dimension d over k and there exists a locally constant sheaf G of Λ-modules on U such that
(2) The morphism h is quasi-finite and faithfully flat. For every constituant G of the perverse sheaf F U , the pull-back h * U G is also a perverse sheaf on U ′ .
Proof. Assume that (1) is satisfied. Since h is surjective, the canonical morphism G → h U * h * U G is an injection. Hence the constituants of the perverse sheaf
Since W → Y is quasi-projecitive, the assertion follows from Lemma 1.3.7.3 and Lemma 1.3.4.3.
Assume that (2) is satisfied. By Lemma 1.3.4.3 and the perversity assumption on the pull-backs, we may assume that F U is a simple perverse sheaf. Then, by [3, Théorème 4.3.1 (ii)], there exists a locally closed immersion i : V → U of a scheme V smooth of dimension d over k and a locally constant sheaf G on V such that
. By replacing X and U by the closure of the image of V → X and V , we may assume that V = U. Since the assertion isétale local on X by Lemma 1.3.6.1, we may assume that h is finite and that X, W and Y are affine. Then the assertion follows from the case (1).
Alteration and transversality
Let f : X → Y be a morphism of smooth schemes over a field k and let D ⊂ Y be a divisor smooth over k. In this article, we say that f : X → Y is semi-stable relatively to D ifétale locally on X and on Y , there exists a cartesian diagram
where the lower left horizontal arrow
is defined by t → t 1 · · · t n and the lower right horizontal arrow is the inclusion of the origin 0 ∈ A 1 . A semi-stable morphism f : X → Y is flat and the base change f V : X × Y V → V = Y D is smooth. We recall statements on the existence of alteration. Lemma 1.4.1. Let k be a perfect field and let f : X → Y be a dominant separated morphism of integral schemes of finite type over k.
1. There exists a commutative diagram (1.6) 
Proof. We may assume that F is a simple perverse sheaf by Lemma 1. 
and let G ′ be the pull-back of G on Z ′ . Since the finite radicial surjective morphism h is universally a homeomorphism, we have We show an analogue of the stable reduction theorem. 
Then, there exists a cartesian diagram (1.10)
First, we prove a basic case. Proof. 1. Since the question isétale local, we may assume that
. . , t n ] and that the morphism f : X → Y is defined by t → t 1 · · · t n . We prove the assertion by induction on n. If n = 1, then f : X → Y isétale and F ′ is constant. Hence the assertion follows in this case by Lemma 1.3.4.1. Assume n > 1. Outside the closed point u ∈ X defined by t 1 = · · · = t n = 0, locally there exists a smooth morphism X = X n → X n−1 over Y . Hence, the induction hypothesis implies the assertion on the complement X {u} by Lemma 1.3.7.2. Thus, the morphism 
The pull-back F ′ U ′ is a perverse sheaf by Lemma 1.3.6. The perverse sheaf 
The equivalence (1)⇔(2) is proved in [15] .
Proof. We show (1)⇒(3). Since the nearby cycles functor is t-exact, we may assume that F is a perverse sheaf. Then, the assertion follows from Propositions 1. On the other hand, the singular support C = SSF is the union of the zero-section T * X X and the conormal bundles T * X∞ X of the fiber X ∞ = pr −1 2 (∞) and T * (0,∞) X of the point (0, ∞). Hence the projection pr 2 : 
Potential transversality
We prove a refinement of the analogue of the stable reduction theorem, using the following consequence of the stable reduction theorem for curves. Then, there exists a commutative diagram
of smooth schemes over k satisfying the following conditions: The morphisms
′ is the complement of a divisor D ′ ⊂ Y ′ smooth over k and quasi-finite and flat over
Proof. Letη be a geometric point of S defined by an algebraic closure of the function field of an irreducible component. Then, it suffices to apply [18, Theorem 1.5] to the base change of X → Y → S byη → S. 
Then, there exists a commutative diagram (1.12) 
Since the assertion is local on X, we may assume that there exists a closed immersion i : X → A 
For the cartesian diagram (1.13) and for the pull-back
Proof of Claim. By the induction hypothesis applied to
satisfying the conditions (1) and (2) in Theorem 1.5.2. We consider the cartesian diagram
and let F U 1 be the pull-back of F U . Then, for 
, we may assume that S 1 → S is smooth of relative dimension 1.
We consider the commutative diagram (1.14)
where the left square is cartesian. Since V 1 → V × S S 1 isétale, the left vertical arrow V 1 → V is also smooth of relative dimension 1. The middle vertical arrow Y 1 → Y is flat. Hence, by Lemma 1.5.1 applied to (1.14), there exists a commutative diagram 
Y ′ is quasi-finite and flat. We consider the cartesian diagram 
in Claim is also satisfied. To complete the proof of the induction step, we use the following elementary lemma. Lemma 1.5.3. Let X be an open subset of a vector space V of dimension n over an infinite field k regarded as a smooth scheme over k. Let C ⊂ T * X be a closed conical subset of dimension ≦ n. Then, there exists an isomorphism V → A n of vector spaces over k such that the compositions X → V → A n → A 1 with the projections pr i , i = 1, . . . , n have at most isolated C-characteristic points.
Proof. Identify the cotangent bundle T * X with the product X × V ∨ with the dual and let P(C) ⊂ P(T * X) = X × P(V ∨ ) be the projectivization. Then, by the assumption dim C ≦ n, the projection P(C) → P(V ∨ ) is generically finite. By the assumption that k is infinite, there exists a basis p 1 , . . . , p n of V ∨ such that the fibers of P(C) → P(V ∨ ) atp 1 , . . . ,p n ∈ P(V ∨ ) are finite. Then, the product of p 1 , . . . , p n : V → A 1 satisfies the condition. 
of smooth schemes over k satisfying the following condition: The morphism 
where the left and middle squares are cartesian. Then for the pull-back 
of morphisms of schemes of finite type over k satisfying the following condition: The morphism Y ′ → Y is a finite genericallyétale morphism of smooth curves. For the pullback
Proof. Since the shifted vanishing cycles functor RΦ[−1] is t-exact, we may assume that F is a perverse sheaf. Then the assertion follows from the case where S = Spec k in Theorem 1.5.2, Proposition 1.1.2.1 and weak approximation.
2 Characteristic cycles and the direct image
Direct image of a cycle
To state the compatibility with push-forward, we fix some terminology and notations.
Recall that a morphism f : X → Y of noetherian schemes is said to be proper on a closed subset Z ⊂ X if its restriction Z → Y is proper with respect to a closed subscheme structure of Z ⊂ X. Let f : X → Y be a morphism of smooth schemes over a field k and we consider the diagram
as an algebraic correspondence from T * X to T * Y . Assume that every irreducible component of X (resp. of Y ) is of dimension n (resp. m). Let B ⊂ X be a closed subset on which f : X → Y is proper and let C ⊂ T * X be a closed subset of B × X T * X. Then, the closed subset f • C ⊂ T * Y is defined as the image by the right arrow in (2.1) of the inverse image of C by the left arrow. It is a closed subset by the assumption that f is proper on B. The composition of the Gysin map [7, 6.6] for the first arrow and the push-forward map for the second arrow defines a morphism
of free abelian groups of cycles.
Y be a commutative diagram of morphisms of smooth schemes over k. Assume that every irreducible component of X (resp. of X ′ and Y ) is of dimension n (resp. n ′ and m). Let B ⊂ X be a closed subset on which f : X → Y is proper and let C ⊂ T * X be a closed subset of B × X T * X. Then, the diagram
is commutative.
Proof. We consider the diagram
with cartesian square. After decomposing the right vertical arrow into the composition of a smooth morphism and a regular immersion, it suffices to apply [7, Theorem 6.2 (a)].
Lemma 2.1.2. Let f : X → Y be a smooth morphism of smooth irreducible schemes over a perfect field k. Assume that X (resp. of Y ) is of dimension n (resp. m). Let C = a C a ⊂ T * X be a closed conical subset such that every irreducible component C a is of dimension n and that f : X → Y is properly C-transversal and is proper on the base B = C ∩ T * X X ⊂ X. Let A = a m a C a be a linear combination. Let y ∈ Y be a closed point, let A y = i ! y A be the pull-back [16, Definition 7.1] by the closed immersion i y : X y → X of the fiber and let (A y , T * Xy X y ) T * Xy denote the intersection number. Then, we have (2.4)
Proof. Since the closed immersion i y : X y → X is properly C-transversal by Lemma 1.2.6.1, the pull-back
We regard the four sides of the exterior square of the diagram as algebraic correspondences. We study the case where Y is a smooth curve and dim f • C = 1. Let f : X → Y be a morphism of smooth schemes over k. Assume that every irreducible component of X (resp. of Y ) is of dimension n (resp. 1). Let C ⊂ T * X be a closed conical subset such that every irreducible component C a of C = a C a is of dimension n and that f : X → Y is proper on the base B = C ∩ T * X X ⊂ X. Let V ⊂ Y be a dense open subscheme such that the base change f V : X V → V is properly C V -transversal for the restriction C V of C on X V .
Let y ∈ Y V be a closed point on the boundary and let t be a uniformizer at y and let df denote the section of T * X defined on a neighborhood of the fiber X y by the pull-back f * dt. Then, on a neighborhood of X y , the intersection C ∩ df ⊂ T * X is supported on the inverse image of the intersection B ∩ X y . Hence for a linear combination A = a m a C a , the intersection product (2.5) (A, df ) T * X,Xy supported on the fiber X y is defined as an element of CH 0 (B ∩ X y ). Since C is conical, the intersection product (A, df ) T * X,Xy does not depend on the choice of t. Thus the intersection number also denoted (A, df ) T * X,Xy is defined as its image by the degree mapping CH 0 (B ∩ X y ) → CH 0 (y) = Z.
Lemma 2.1.3. Let f : X → Y be a morphism of smooth irreducible schemes over a perfect field k. Assume that X (resp. of Y ) is of dimension n (resp. 1). Let C = a C a ⊂ T * X be a closed conical subset as in Lemma 2.1.2.
1. The following conditions are equivalent: 
Proof. 
Lemma 2.1.4. Let X be a scheme of finite type of dimension d over a field k and let E be a vector bundle on X associated to a locally free O X -module E of rank n. Let s : X → E be a section, 0 : X → E be the zero section and Z = Z(s) = 0(X) ∩ s(X) ⊂ X be the zero locus of s.
→ E] be the complex of O X -modules where E is put on degree 0 and let c n X Z (K) be the localized Chern class defined in [4, Section 1]. Then, we have
Proof. We may assume that X is integral and Z X. By taking the blow-up at Z and by [13 We define the specialization of a cycle. Let f : X → Y be a smooth morphism of smooth schemes over a perfect field k and assume that X (resp. Y ) is equidimensional of dimension n+1 (resp. 1). Let y ∈ Y be a closed point, V = Y {y} be the complement and U = X × Y V be the inverse image. Let C ⊂ T * U be a closed conical subset equidimensional of dimension n + 1 and assume that U → V is properly C-transversal. We define its specialization sp y C ⊂ T * X y as follows. By the assumption that U → V is properly C-transversal and [16, Lemma 3.1], the morphism T * U → T * U/V to the relative cotangent bundle is finite on C. Hence its image C ′ ⊂ T * U/V is a closed conical subset. LetC ′ ⊂ T * X/Y be the closure and define sp y C ⊂ T * X y to be the fiberC
The specialization sp y C ⊂ T * X y is a closed conical subset equidimensional of dimension n. For a linear combination A = a m a C a of irreducible components of C = a C a , we define its specialization sp y A ∈ Z n (sp y C)
as follows. First, we define A ′ ∈ Z n+1 (C ′ ) as the push-forward of A by the morphism
. Then, we define sp y A ∈ Z n (sp y C) to be the minus of the pull-back of A ′ by the Gysin map for the immersion i y : X y → X. If X → Y is proper, for a closed point v ∈ V and the closed immersion i v : X v → X, we have Lemma 2.1.5. Let f : X → Y be a smooth morphism of smooth schemes over a perfect field k and assume that X (resp. Y ) is equidimensional of dimension n + 1 (resp. 1). Let y ∈ Y be a closed point, i y : X y → X be the closed immersion of the fiber, V = Y {y} be the complement and U = X × Y V be the inverse image. Let C ⊂ T * X be a closed conical subset equidimensional of dimension n + 1 such that f : X → Y is properly C-transversal.
1. For the restriction C U of C on U, we have
2. For a linear combination A = a m a C a of irreducible components of C = a C a and its restriction A U on U, we have
Proof. 1. By the assumption that f : X → Y is properly C-transversal and [16, Lemma 3.1], the morphism T * X → T * X/Y to the relative cotangent bundle is finite on C and hence its image C ′ ⊂ T * X/Y is a closed conical subset. Further C ′ with reduced scheme structure is flat over Y . Hence it equals the closure of the restriction C ′ U and we obtain (2.8).
We consider the cartesian diagram
The right hand side is the minus of the image of A by the push-forward and the pull-back via upper right. The left hand side is the minus of the image of A by the pull-back and the push forward via lower left. Hence the assertion follows from the projection formula [7, Theorem 6.2 (a)].
Characteristic cycle of the direct image
Let k be a field and let Λ be a finite field of characteristic ℓ invertible in k. Let X be a smooth scheme over k such that every irreducible component is of dimension n. Let F be a constructible complex of Λ-modules on X and C = SSF be the singular support. Then, every irreducible component C a of C = a C a has the same dimension as X [2, Theorem 1. Conjecture 2.2.1. Let f : X → Y be a morphism of smooth schemes over a perfect field k. Assume that every irreducible component of X (resp. of Y ) is of dimension n (resp. m). Let F be a constructible complex of Λ-modules on X and C = SSF be the singular support. Assume that f is proper on the support of F . Then, we have
If dim f • SSF ≦ m, the equality (2.11) is an equality as cycles in
A weaker version of Conjecture 2.2.1 is proved in the case k is finite and X and Y are projective in [19] using ε-factors.
If Y = Spec k, the equality (2.11) means the index formula
where the right hand side denotes the intersection number. Further if X is projective, the equality (2.12) is proved in [16, Theorem 7.13 ].
Lemma 2.2.2. Let f : X → Y be a morphism of smooth schemes over k and let F be a constructible complex of Λ-modules. Assume that f : X → Y is proper on the support of F . Assume that every irreducible component of X (resp. of Y ) is of dimension n (resp. m).
Y be a commutative diagram of morphisms of smooth schemes over k. Then, we have
2. Assume that one of the following conditions (1) and (2) is satisfied:
We may assume that Y is connected and affine and hence X is quasi-projective. Let X → P be an immersion to a projective space and factorize X → Y as the composition of an immersion X → Y × P and the projection Y × P → Y . Then, by 1 and the case (1), we may assume that f : X → Y is projective and smooth.
By the assumption that f : X → Y is SSF -transversal, it is locally acyclic relatively to We consider the case where Y is a smooth curve and dim f • SSF ≦ 1. We recall the definition of the Artin conductor and the description of the characteristic cycle of a sheaf on a curve. Let Y be a smooth irreducible curve over a perfect field k and let G be a constructible complex of Λ-modules on Y . Let V ⊂ Y be a dense open subscheme such that the restriction G V is locally constant i. e. the cohomology sheaf H q G V is locally constant for every integer q. For a closed point y ∈ Y , the Artin conductor a y G is defined by
Hereȳ denotes a geometric point above y and Sw y denotes the alternating sum of the Swan conductor. The characteristic cycle is given by
by [16, Lemma 5.11.3] . Here T * y Y is the fiber of y. Let f : X → Y be a morphism of smooth schemes over a perfect field k and y ∈ Y be a closed point. Assume that dim Y = 1. Let F be a constructible complex of Λ-modules on X. Assume that f : X → Y is proper on the support of F . Under the assumption dim f • SSF ≦ 1, the equality CCRf 
By the index formula [16, Theorem 7.13], we have 
and hence (2.17). 
Proof. Applying Theorem 2.2.3 to the constant sheaf F = Λ and 
, we obtain (2.19). Theorem 2.2.5. Let f : X → Y be a morphism of smooth schemes over a perfect field k. Let F be a constructible complex of Λ-modules on X and C = SSF be the singular support. Assume that Y is projective, that f : X → Y is quasi-projective and is proper on the support of F and that we have an inequalty
Then, we have
Proof. We may assume that k is algebraically closed. Since X is quasi-projective, there exists a locally closed immersion i : X → P to a projective space P . By decomposing f as the composition of the immersion (i, f ) : X → P ×Y and the second projection P ×Y → Y , we may assume that f is projective and smooth by Lemma 2.2.2.
By the assumption, we have dim C ≦ m. By the index formula [16, Theorem 7.13] and Theorem 2.2.3, the equality (2.21) is proved for Y of dimension ≦ 1. We show the general case by reducing to the case dim Y = 1.
We take a closed immersion of Y to a projective space i : Y → P. We use the notations
) and let p X : X × P Q → X be the projection. After replacing the immersion i by the composition with a Veronese embedding if necessary, we may assume that the restriction to P(i • C) ⊂ Q = P(T * P) of the projection p ∨ : Q → P ∨ is generically radicial by the assumption dim C ≦ m = dim Y and by [16, Corollary 3.21] . • X SSF properly, the immersion h X : X ′ → X × P Q is properly p
• X SSF -transversal. Since p X is smooth, the composition π X = p X • h X is properly SSF -transversal. Thus by [16, Theorem 7.6] , it further equals to the right hand side (p L f ′ ) ! CCπ * X F of (2.24). We show the equality (2.24) by applying Theorem 2.2.3 to complete the proof. Since P(i • C) ⊂ Y × P Q = P(Y × P T * P) is the complement of the largest open subset where p ∨ : Y × P Q → P ∨ is p , in a slightly weaker form. Let X be a smooth scheme equidimensional of dimension X (resp. Y ) is equidimensional of dimension n + 1 (resp. 1). Let F be a constructible complex of Λ-modules on X. Let y ∈ Y be a closed point and i y : X y → X be the closed immersion of the fiber. Assume that f : X → Y is properly SSF -transversal on the complement X X y of the fiber X y = f −1 (y). Then, the specialization (2.25) sp y SSF ⊂ T * X y is defined as a closed conical subset equidimensional of dimension n. Further, the specialization (2.26) sp y CCF ∈ Z n (sp y SSF )
is defined as a cycle.
Lemma 2.3.1. Let f : X → Y be a smooth morphism of smooth schemes over a field k and assume dim Y = 1. Let F be a constructible complex of Λ-modules on X and assume that f : X → Y is properly SSF -transversal. Let y ∈ Y be a closed point. Then, we have (2.27) SSRΨ y F = sp y SSF .
Further if k is perfect, we have (2.28) CCRΨ y F = sp y CCF .
Proof. Let i y : X y → X denote the closed immersion of the fiber. Then, by the assumption that f : X → Y is properly SSF -transversal, we have sp y SSF = i Let G be the locally constant sheaf of Λ-modules of rank 1 on U defined by the Artin-Schreier covering t p − t = x p y 2 and by a non-trivial character F p → Λ × . Then, the nearby cycles complex RΨ ∞ F is acyclic except at the closed point (0, ∞) or at degree 1 and dim R 1 ΨF (0,∞) = 1. Hence, the singular support SSRΨ ∞ F equals the fiber T * (0,∞) X ∞ at the closed point and is not a subset of the zero-section sp ∞ SSF = T * X∞ X ∞ . Let Z ⊂ X y be a closed subset. Assume that f : X → Y is properly SSF -transversal on the complement of Z. Then, on the complement X y Z, we have sp y CCF = i is defined as a cycle in Z n Z × X (sp y SSF ∪ SSi * y F ) supported on Z. If Z is proper over Y , the intersection number (δ y SSF , T * Xy X y ) T * Xy is defined. Proposition 2.3.3. Let f : X → Y be a smooth morphism of smooth schemes over a perfect field k. Assume that X (resp. Y ) is equidimensional of dimension n + 1 (resp. 1). Let F be a constructible complex of Λ-modules on X. Let y ∈ Y be a closed point and let Z ⊂ X y be a closed subset. Assume that f : X → Y is properly SSF -transversal on the complement of Z and that either of the following conditions (1) and (2) is satisfied:
(1) f : X → Y is projective.
(2) dim Z = 0. Then, for the vanishing cycles complex RΦ y F , we have (2.30) χ(Zk, RΦ y F ) = (δ y CCF , T * Xy X y ) T * Xy . Proof. We may assume that k is algebraically closed.
We show the case (1). Let v ∈ Y be a closed point different from y and let i v : X v → X be the closed immersion. Then, since the projective morphism f : X → Y is locally acyclic relative to F outside Z by Lemma 1.3.4.2, the left hand side of (2.30) equals We show the case (2) . Since the formation of nearby cycles complex commutes with base change by [6, Proposition 3.7] , we may assume that the action of the inertia group I y on RΨ y F is trivial. Since the vanishing cycles functor is t-exact by [11, Corollaire 4 .6], we may assume that F is a simple perverse sheaf.
First, we consider the case F is supported on the closed fiber X y . By the assumption that f : X → Y is properly SSF -transversal on the complement of Z, the morphism f : X → Y is locally acyclic relatively to F on the complement of Z. Thus F is supported on Z and the assertion follows in this case.
We may assume that the restriction F | Xη on the generic fiber is non-trivial. Then, by Proposition 1.1.2.2, the morphism f : X → Y is locally acyclic relatively to F . Hence by Lemma 1.3.8.2, the morphism f : X → Y is properly SSF -transversal and the assertion follows from Lemma 2.3.1.
In the case (2) dim Z = 0, Proposition 2.3.3 means CCRΦ y F = δ y CCF . However, Examples 1.4.8 and 2.3.2 show that one cannot expect to have CCRΨ y F = sp y CCF or equivalently CCRΦ y F = δ y CCF in general.
